MOD p GALOIS REPRESENTATIONS AND MOD p LOCAL
LANGLANDS FOR GL,(Q,)

ZACHARY FENG

1. GALOIS GROUPS

Let F' be a finite extension of QQ,, with uniformizer w, and residue field kr = F,. Let F
be the algebraic closure of F. Let 'y := Gal(F/F) be the absolute Galois group of F.

1.1. Maximal unramified extension F" of F.

For each n > 1, let Fj» denote the unique degree n extension of F,. We can lift the
minimal polynomial of a primitive element of Fy»/F, from kr[X] to Or[X], and let F,, be
the splitting field of this polynomial over F. We then have that F,/F is an unramified
extension of degree n, w is still a uniformizer for F,,, and kp, = Fgn. Set

P o= U E,.

n>1
Some facts about F™U:

(1) P = Uyy s FIG) (since = F(Gpr))
(2) kFur g kF g ]Fq.
(3) F""/F is Galois (as each F,,/F' is) and

Gal(F™/F) = lim Gal(F,,/F) 2 lim Gal(kp, /kr) = lim(Z/nZ) = Z.

(4) Gal(F"™/F) is topologically generated by ¢ (arithmetic Frobenius) whose action on
kpuw = kg is given by x — 29,

1.2. Maximal tamely ramified extension " of F.

Let K be a complete DVF, with Dedekind ring A and maximal ideal p, and we assume
that A/p is perfect. Let F/K be an extension of degree n. Then the integral closure B of A
in F is the Dedekind ring of E, and we let I3 be its maximal ideal.

We write n = ef where pB = B¢ and [B/B : A/p] = f. We say that E is totally ramified
over K if n = e, and that F is tamely ramified over K if the characteristic p of the residue
field A/p does not divide e. We describe totally and tamely ramified extensions of K.

Proposition 1.1 (II, Proposition 11 [Lan94] or Theorem 11.5 [Sut21]).

Assume that E is totally ramified over K, so that n = e. Let Il € B be an element of
order 1 at B, that is, 11 is a uniformizer for B. Then E = K(II) and in fact the minimal
polynomial of 11 over K 1is an Fisenstein equation

X4 a1 X 4+ 4ay=0,

where a; € p for all i and ag #Z 0 (mod p?). Conversely, every such equation is irreducible,

and a root of it generates a totally ramified extension of K of degree e.
1
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Proposition 1.2 (II, Proposition 12 [Lan94] or Theorem 11.10 [Sut21]).
Assume that E is totally and tamely ramified over K. Then there exists an element I of
order 1 at P in E with irreducible polynomial

X—m=0

with m of order 1 at p in K. Conversely, if a is an element of A, and e is a positive integer
coprime to p. Then any root of an equation

X°—a=0

generates a tamely ramified extension of K, and this extension is totally ramified if the order
of a at p is relatively prime to e.

Lemma 1.3 (p. 53 [Lan94]).

Let e be a positive integer coprime to p. Let E be a finite extension of K, my a prime
element in p, and 3 an element of E such that |B|° = |mo|. Then there exists an element
of order 1 in p such that one of the roots of the equation X¢ — 1 = 0 is contained in K(5).

Theorem 1.4. Let E/K be a totally and tamely ramified extension of degree e. Then E is
generated by the root of an equation

X¢—7m=0

for some prime element w of p. Note that difference choices for the uniformizing element m
can lead to different extensions, which “differ by an unramified extension”.

Proof. Let § =1I in the previous lemma. 0J

Theorem 1.5 (Theorem 2.62 [Clal).

Suppose that K is a complete DVF with algebraically closed residue field k of characteristic
exponent p. Then there exists, for each positive integer e coprime to p, a unique degree e
tamely ramified extension L./ K, obtained by taking the e root of any uniformizing element

of K. Moreover, we have K™ =, L. and Gal(K"/K) = H@gp Ly.

Proof. Since k = k, one has that K contains all the roots of unity of order coprime to p,
and hence K = K". Therefore, all extensions of K are totally ramified, and hence any
tamely ramified extension is totally and tamely ramified. The previous theorems show that
every degree e tamely ramified extension L of K is of the form K (7'/¢) for some choice of
uniformizer  of K. Conversely, for any uniformizer 7 of K, we have that K (7'/¢) is a tamely
ramified extension of degree e. The uniqueness statement will follow if we can show that for
any two uniformizers m and 7’ of K, we have that K (7'/¢) = K(7''/¢).

By Kummer theory, this is the case if and only if (7) = (7) as subgroups of K*/(K*)e.
So there exists d such that 7¢ = 7' mod (K*)°. So dvy(m) = v,(7’) (mod e). However,
vy(m) = vp(n’) = 1. Sod =1 (mod e). So =" mod (K*)° In other words, we want to
show that /7’ is an '™ power in K*.

Since k is algebraically closed, every element of £* is an e™ power. Then by Hensel’s
lemma, every unit in the valuation ring of K is an e power, so in particular 7/7’ is an e'!
power. So we have shown that K (7'/¢) = K (7).

Let L. := K(7'/¢) be the unique degree e extension of K. By the basic structure of
Kummer extensions, Gal(L./K) = (r) = Z/eZ. However, this isomorphism is not canonical.
For e | €/, one easily checks that the following diagram commutes:
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Gal(Ly /K) —=— Z/e'Z
Gal(L./K) —— Z/eZ.
Therefore, Gal(K" /K') = WmZ/eZ = [1esp Ze- O

Let F//Q, be a finite extension, with uniformizer w. By our above discussion, for each
n > 1 with (n,p) = 1, there is a unique extension E, /F"™ of degree n, of the form

E, = F“r(wl/”).
By Kummer theory, there is a canonical isomorphism:
Gal(E,/F") = u,(F)

o(w'/m)

wl/n

o —

This isomorphism is independent of the choices of @ and w!/™. Set
F*:= | E.
(n,p)=1
There is the following isomorphism:
Gal(F"/F™) = lim Gal(E,/F"™) = lim pu,(F) = ]2
(nvp):]‘ (n,p):l f;ﬁp

This last isomorphism is not canonical, as it relies on the choice of a compatible system of
roots of unity (¢,)(np)=1. By compatible, we mean that if n = md, then (¢ = (,,. For any
integer m > 1, we can also define a projection map:

Gal(F¥/F™) — Gal(Eyn_1/F™) = pign+(F) = [k, ] = k%, — F,.
Here, [—| denotes the Teichmiiller lift. This induces another isomorphism:

Gal(F™/F"™) = lim k% .
lim k.,

The following diagram summarizes our discussion. Let I'r := Gal(F/F) be the absolute
Galois group of F, I := Gal(F/F"™) be the inertia subgroup of F, and Pp := Gal(F/F")
be the wild inertia subgroup of F'. Note that P is pro-p and quite big.
F
pF(

Ftr Ir
I'r Hz;ﬁp Zé(

Fur
E

F
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2. GALOIS REPRESENTATIONS OVER F,

2.1. 1-dimensional Gil(F/ F')-representations.
Fix an isomorphism kr = ), and identify their subfields:

Fom & {x € kp : 2”7 = z}.

Lemma 2.1. Any continuous character 0 : Ip — F; factors as:

X

Iy - Ip/Pp = lmky = lmFy, - F*, 5 F,.

Proof. The codomain has the discrete topology, so that ker is open. We want to start by
showing that 6(Pp) is finite. But this follows because Pr is a pro-p group, and ker 6 N Pp is

open and normal in Pp, and hence Pr/(ker # N Pr) is a p-group (which is finite).
So 6(Pr) is a finite p-group in F; , and hence it must be trivial. Therefore, Pr < ker6.
This means that # factors through the profinite group Ir/Pr. We are reduced to considering

continuous maps from the profinite group Ir/Ppr to the discrete group F; . This still has
open kernel, which is then both closed and of finite index. Therefore, 6 factors through a
finite quotient of Ir/Pp, as claimed. O

Definition 2.2 (Serre’s fundamental characters). Forn > 1, define

wo i Ip = Ip/Pr = limkj, = lmFy, —Fy < F,.

Proposition 2.3.

(a) If m | n, then wit@"+a* " ta®/m=m — )

(b) w?" =t =1, where 1 is the trivial character.

(c) Every mod p character of Ir can be written uniquely as w], for some n and primitive r.
By primitive, we mean that 0 < r < ¢® — 1 and r is not divisible by (¢* — 1)/(¢% — 1)
where d is a proper divisor of n.

Proof.

(a) Recall the isomorphisms:

lim 1o (F) = lim k7, = lim F..

S

If m | n, then g™ —11]¢" —1. If we let d := ;1::11 =14+q"+ ¢+ +q"™ U™ then
the left hand side has a natural transition map:
0 ¢ figm 1 (F) = pgn-1(F)
¢ ¢
These are isomorphisms of multiplicative groups, so it follows at once that:

d
Wy, = W

(b) This is because w, has image in F.
(c) Let 0 : Ip — F; be a continuous character. We just saw that it factors through a finite

quotient of Ir/Pp, and we can identify this quotient with the subgroup Fy. of F; for
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some n > 1. We are then reduced to thinking about group homomorphisms Fg . — E: .
Note that the inclusion F. C F; corresponds to the map w,.

Note that a group homomorphism Fg. — F; must have image inside the copy of F..
So we are reduced again to thinking about group endomorphisms Fg. — Fj.. As Fj. is

cyclic, we can let g € F. be a generator. Then a map Fj. — E; is determined by the
image of g. The map sending g to g" corresponds to w;,. These are all the possible maps
since the codomain Fj. is generated by g as well.

We have just shown that § = w, for some n,r. By part (b), we can choose r to be in
the range 0 < r < ¢" — 1 without changing the character. If r is divisible by a quotient
of the form (¢" — 1)/(¢% — 1), then by part (a), w" = w”, for some n’ | n. O

Lemma 2.4. Let ¢ be a lift of the Frobenius in Gal(kp/kr) to Gal(F*™/F) and T be an
element of the subgroup Gal(F"/F"), then ot~ ! = 7.

Proof. Since F'" = (5, F (/@ =) and we know that pro~! fixes F™, it suffices to
calculate pTo ™! (/@1 for all m > 1.
Fix m > 1. Let w := /@ ~Y and ¢ := (;m_; be a primitive (¢™ — 1)* root of unity.

Note that the action on w has this form because the automorphisms of Gal(F*/F) act on
the roots of the irreducible polynomial X?"~! — @ in F[X]. Compute

P17 (W) = pr(¢T W) = p(CTICtw) = (TCICw = (Mw.
On the other hand, 7%(w) = (*w. This completes the proof. O

Lemma 2.5. The inertial character w, : Ip — F; can be extended (non-uniquely) to a
character of I'r if and only if n = 1.

Proof. Suppose w,, extends to I'r. Let ¢ € I'r be a lift of Frobenius, and 7 € Ir. Then

wy(T) = wn(gp)wn(T)wn(@_l)
= wn(SOTSO_l)
= wy(7)? (wp, factors through Pr)

Therefore, w,, has image inside F;\. This implies F,. C . Therefore, n = 1.

On the other hand, suppose n = 1. Set wi(p) := 1. Every v € I'p can be written as a
product vy = 7¢? for some 7 € Ir and d € Z. We set wi(7y) := w;(T)wi(9)? = wi (7).

To show w is well-defined, suppose 7% = 7/¢°. Then 1 = 77 '7/¢*~¢. This cannot happen
unless d = e, in which case also 7 = 7.
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To show w; is a homomorphism, we compute:

wi (179 = wi(Tptr' TP T)
= wy (T p™?) (since it~ € If)
= wi (r(r)") (since wy(Pr) = 1)
= wi(T)an ()"
= wi(T)wi (1) (since wy(Ip) C FY)
= wi(Te)wr (T'¢).

OJ
Corollary 2.6. Fix a lift of Frobenius ¢ € I'r. FExtend wy to I'r by the condition that

wi(p) = 1. Then any continuous character x : I'p — F; is of the form:

X = wy
for0<r <q—1 and where puy : T'p - I'p/IFp —>F; sends ¢ to some \ € F:.
Remark 2.7. The condition “continuous” is the same as “smooth” mod p.

2.2. n-dimensional Gal(F/F)-representations.

Lemma 2.8 (p-groups lemma).
Let C be a field of characteristic p > 0, and |G| = p* for some k > 1. Let V be a C-vector
space, equipped with a representation of G. Then VY # 0.

Proof. We forget the C-vector space structure on V', and view it as a IF,-vector space. We may
also replace V' by the [F,-span of {gv},eq for any v € V, v # 0. Then V is finite-dimensional
over [F,, as G is finite.

Now we have 7 : G — GL,4(F,) for some d, and the image of 7 is contained in a Sylow
p-subgroup of GL4(IF,), all of which are conjugate to:

1 *x = *
0 1 =% *
0 01 *
000 ... 1
So after conjugating, im 7 fixes the first basis vector. OJ

Lemma 2.9 (pro-p-groups lemma).
Let C be a field of characteristic p > 0, and G be a pro-p group. Let (m,V') be a smooth
non-zero G-representation on a C-vector space. Then V& #£ 0.

Proof. Replacing V' by the C-span of {gv},eq for any v € V, v # 0, we can assume that
there is some v that generates V. Since Stabg(v) is an open subgroup of G, there is an open
normal subgroup H < G such that H < Stabg(v). Then

V = spans{gv : g € G} = span-{gv: [g] € G/H}.
So the (finite) p-group G/H acts on V. The result follows from the p-groups lemma. O
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Proposition 2.10. Let p : ['y — GL,(F,) be a continuous irreducible representation. Then

n
— 7
p‘IF - @wﬂéz
i=1

for some integers m; > 1 and some 0 < r; < q™ — 1.

Proof. Let V := V,. Since Pp is pro-p, and p is smooth, the pro-p-groups lemma tells us
that VPF £ 0. Since Pr < I'p, VI is I'p-stable. Since V is irreducible, V7 = V as
representations of I'r. Therefore, p factors through I'r/ Pp.

Now consider the restriction p|;,. : Ir — GL,(F,). Since p is trivial on P, we have:
p’]F : [F — IF/PF — GLn(Fp>

The group Ir/Pr is profinite, as it is a product of profinite groups. Since p|;, is continuous,
ker p is an open normal subgroup of Ir/Pr, which furthermore implies that ker p is closed
and finite index in Ir/Pr. Thus p|;,. factors through a finite quotient H of Ir/Pr, and by
the explicit description of Ir/Pg, we know that the order of H is coprime to p.

So Maschke’s theorem for finite groups tells us that p|;,. is semisimple, and since Ir/Pp is
abelian, Schur’s lemma tells us that the irreducible constituents of p|;, are one-dimensional.
We conclude that p|;,, is a sum of characters. We classified all such characters earlier. [

Proposition 2.11. Let ', := (Ip, ¢").

(i) The element ¢~ acts transitively (by an n-cycle) on the eigenspaces of plr.. So ™"
preserves the eigenspace decomposition of p|r.. This forces all of the m; | n (and so in
particular we can choose m; = n) from the previous proposition. This also tells us that
©" acts by a scalar on each of the eigenspaces.

(i1) In general, if m | n, then the inertial character w,, : Ir — F; can be extended to a
character on I'r, by imposing that w, (") = 1.

(11i) There exists a single A € F: and a character Ky : I'p, — F; which is trivial on Iy and
for which kx(¢™) = A such that

n
o Tqi_l
plrr, = @wn Rx-
i=1

Proof.

(i) Let v be in the w!: -isotypic component of V, and 7 € Ip. Since pro™! = 7% in I/ Pp:
T v = 't =W (1) .

So ¢~ tv is in the whi-isotypic component of V', and it is in particular an eigenvector
for the representation p|r,.. To make things easy, let us assume for simplicity that all
of the characters wyi are distinct. The irreducibility of p implies that for all j there
exists k such that p=*v is w:ﬂ;j—isotypic. So the action of ¢? on v is transitive, in the
sense that the action sends v to every possible eigenspace of p|r.. So ¢ must act on
the eigenspaces via an n-cycle, and ¢~ "v lands back into the w;i -isotypic component.
Since this is true for all i, ™" respects the eigenspace decomposition of p|;,.. Since
@~ is wy -isotypic, one has T ™" = wyi (1)@ " for T € Ir. But also:

_ _ n . n o _
o "= "t v =wl (1) ¢ .
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So wli = wri?". This implies m; | n, so we can in particular choose m; = n. So far
everything we did works for an arbitrary i. Now let m := my and r := ry, and note
that we can let m; = n as just discussed. To reach any isotypic component, we just
have to push the w’-isotypic component around by ¢~!. So this leads us to conclude:

n
_ rq' !
plir = Pwr
i=1

(ii) We just need to extend w,. If we can do that, then the extension of w,, is an easy
consequence of the formula generating w,, from w, as characters of Ip.
One needs to check that the extension of w, is well-defined and that it satisfies the
homomorphism property. The latter crucially depends on the fact that w, and ¢™ have
the same n. We give a partial calculation. Let 7,7’ € Ir. Then

n

Wn(TE"T'0™™) = W (T7'T) = Wy (Twn (T = wWn(T)wn (7).

(iii) We know that ¢" preserves the eigenspaces of p|,.. It suffices to check that ¢" acts
by the same scalar in each eigenspace. Suppose ¢" acts on the w; -isotypic component
by the scalar X\, and acts on the w;;,—isotypic component by the scalar u. Let v be
w’ -isotypic. There exists j such that ¢/ is w;"r;,—isotypic. Then

pe~lv = "I = TP = ApTv.
So 1 = A. The semisimple decomposition of p|p, follows easily.
O

Corollary 2.12. Let p: I'r — GL,(F,) be a continuous irreducible representation. Then p
1s isomorphic, for some 0 <r < q" —1 and \ € F;, to the induction

r r
Indr? w) k.
FFn n A
Moreover, the only non-trivial isomorphisms are, for some j € Z, of the form
FF T ~ FF qu
Indp} wpry = Indpy w,™ K

Remark 2.13. The converse is not true. Not all of these inductions are irreducible!

3. MOD p LOCAL LANGLANDS CORRESPONDENCE FOR GLy(Q,)

Let us recall some facts from the complex representation theory of finite groups, which
continue to be true in our setting, even though our groups are not finite.

Proposition 3.1 (Irreducibility of induction from normal subgroup).
Let G be a finite group, and H < G be a normal subgroup. Let p be an irreducible complex
representation of H. Then Indfl p is irreducible if and only if p % p°® for all b ¢ H. Here,

P’(g) = plbgb™).
Proof. Let x be the character of p. Then check the right hand side is equivalent to:
(x,Res§ Ind% ), = (Ind§ x, Ind$ v), = 1.
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Proposition 3.2 (Push-pull formula).
Let G be a finite group, and H < G be a subgroup. Let p and o be finite-dimensional
complex representations of H and G, respectively. Then,

Ind%(p ® olg) = Ind%(p) @ o.

The first thing we can do is pull out the ) from the induction formula. Let Ay € ﬁ; be

any root of X™ — A, and define a character py, : I'r — F; which is trivial on I and for
which /iy, () = Ao. Then piyy|r,, = ki, so that

Indp? (wpra) 2 Indp? (wp) @ fia.

So moving forward, we will set A = 1 so that ) is trivial. But we will compensate for this
by allowing twists by smooth characters. In other words, we want to try and understand
irreducible representations of the form

Indp? (w)) ® x

for an arbitrary smooth character x : I'p — F; . Clearly, the irreducibility of this induction
does not depend on twisting by characters, so we are reduced to understanding
Indlrﬂlf (wr).

n

From this point onward, let us fix n = 2 and F' = Q,, so that we restrict our attention to
just the 2-dimensional representations of Gal(Q,/Q,), with the goal of stating the mod p
local Langlands correspondence for GL2(Q,).

Proposition 3.3. Let Q,2/Q, denote the unique unramified extension of degree 2. Then for
every 0 < r < p?> — 1, we defined an induced representation

Indll:g: , (ws).
This is reducible if and only if (p+ 1) | r.
Proof. We want to find the values of r for which:
wy ()P = wh(pre™") = (wy)?(7) = wh(7).
This is true if and only if w,® " = 1. So r(p —1) =0 (mod p? — 1), and hence
r=0 (modp+1). O

Proposition 3.4. Let r > p+ 1. Recall the formula w = w; = wé’“ and the fact that w can
be extended to a character of I'g,. This implies

Ty T\ __ Loy, r—p—1 _ Lg, r—p—1
Indr(@p2 (wy) = InerP2 (wy P w) = IndF@p2 (wy 77 ®w.

Proof. Use the push-pull formula. O

We use Proposition 3.3, Proposition 3.4, and the discussion preceding them to relate the
classification of Corollary 2.12 and the one that is found in [Berll].
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Corollary 3.5 (Théoreme 1.1 [Berl1]).
Let p : I'g, — GLy(IF,) be a continuous irreducible representation. Then there exists a

smooth character x : T'q, — F; andr € {0,...,p— 1} such that
L T
p=p(r,x) = Indp” (wp™) ® x.
p
The only non-trivial intertwiners between these representations are

p(ryx) Zplryxpu—1) Zplp—1—r,xw") Zpp—1 =1, xwp_1).

Let G := GL2(Q,), K = GLy(Z,), B := (%) be the standard upper triangular Borel
subgroup of G, and Z = Q, be the centre of GG. Recall the classification of irreducible
smooth admissible mod p representations of G := GLy(Q),).

Definition 3.6. Given 0 <r<p—1, A € Fp, and a smooth character x : Q) — F;, let
c-Ind% , (Sym” Fﬁ)
(Tp o )‘)
Theorem 3.7. Let \ € E,, r€{0,....,p—1}, and x : Q) — F; be a smooth character.

(i) w(r, X, x) is smooth and admissible, with central character w"x>.
(11) w(r, A, x) is irreducible, unless (r,\) € {(0,£1), (p — 1,£1)}.
(111) For (r,\) € {(0,£1), (p — 1,£1)}, there are composition series

W(Ta )‘7 X) = ® (X o det)

0 —— St®(xun odet) —— w(0,\, x) ——— xprodet — 0

0 —— xurodet ——— w(p—1,\, x) —— St®(xurodet) —— 0

(iv) These are all of the irreducible smooth admissible representations of GLa(Q,) over T,

Definition 3.8. Let A =0, 7 € {0,...p— 1}, and x : Q; — ﬁ; a smooth character. Then
representations of the form m(r,0,x) are called supersingular.
Proposition 3.9.

(i) For A\#0,r€{0,...,p—1}, and x : Q) —>F;,

m(r, A x)™ 2 Ind i (xpia n, Xpaw")™.
(i) For A\ =0, 7 €{0,...,p—1}, and x : Q; —>F;,
7T(7“, 07 X) = W(Tv 07 X/Lfl) = 7T<p —-1- Ty 07 pr) = W(p —-1- Ty 07 prlufl)'

Theorem 3.10 (The semi-simple mod p local Langlands correspondence).

Let x and w := wy be smooth characters I'g, — F;, which can also be viewed as smooth
characters Q, — F; via local class field theory. Then

(1) Forre{0,...,p—1}:

p(r,x) «— 7(r, 0, x).
(i) Forr € {0,...,p—2} and)\GF;:
(WA @ pan) @ x = w(r A )T @ mlp — 3 —r, /A W )™

Remark 3.11. The objects on the Galois side have determinant w™ 1y, and the objects on
the automorphic side have central character w"x?.
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