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1. Introduction

Let F be a number field. Let π be an automorphic representation of GLn(AF ).

Definition 1. We say that π is regular algebraic if π∞ has the same infinitesimal character
as an irreducible algebraic representation W of (ResF/Q GLn)C.

The purpose of these notes is to demystify this definition. For example, why do we consider
representations of (ResF/Q GLn)C rather than, say, (ResF/Q GLn)R? The latter satisfies

(ResF/Q GLn)(R) = GLn(F ⊗Q R) = GLn(
∏
v|∞

Fv) = GLn(AF,∞).

We will go through one example in detail, which should clarify some things.
Let Tn be the standard diagonal torus and Bn be the standard upper triangular Borel

subgroup in GLn. Identify X•(Tn) with Zn in the usual way, and write Zn
+ ⊂ Zn for the

subset of weights which are Bn-dominant, that is:

Zn
+ = {(a1, . . . , an) ∈ Zn : a1 ≥ · · · ≥ an}.

There is a bijection between irreducible (finite-dimensional) algebraic representations of GLn

(over any characteristic zero field) and Zn
+, by sending the representation to its highest weight.

The irreducible representations of (ResF/Q GLn)C are then easy to determine. Indeed,

(ResF/QGLn)(C) = GLn(F ⊗Q C) = GLn(
∏

Hom(F,C)

C) =
∏

Hom(F,C)

GLn(C).

So its irreducible representations are in bijection with the set (Zn
+)

Hom(F,C).

2. Example

Let F = Q(
√
d) be an imaginary quadratic field. We will be considering automorphic

representations of GL1(AF ) = A×
F , that is, Hecke characters. (The first part of our exposition

closely follows that of [Sno10], before breaking off to do our own calculations.)
To this end, let ψ : F×\A×

F → C× be a Hecke character. We consider

ψ∞ : (F ⊗Q R)× → C×.

Fix roots of the integer d: u ∈ F and u′ ∈ C; this determines a unique embedding F
σ−→ C

which sends u to u′. In fact, σ induces an isomorphism F ⊗QR → C sending x⊗ y 7→ σ(x)y.
Therefore, ψ∞ factors through this isomorphism

ψ∞ : (F ⊗Q R)× → C× → C×.
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Recall: every continuous homomorphism C× → C× has the form

reiθ 7→ raeinθ

for some a ∈ C and n ∈ Z (this is because C× = R>0 × S1 where S1 is the unit circle). Let
z := x + yu′ with x, y ∈ R and xy ̸= 0 be an arbitrary element of C×; note that this is the
image of 1⊗ x+ u⊗ y under the isomorphism F ⊗Q R → C. In polar coordinates,

z = (x2 − dy2)1/2
x+ yu′

(x2 − dy2)1/2
.

Then z is mapped under C× → C× to the following element:

(x2 − dy2)a/2
(

x+ yu′

(x2 − dy2)1/2

)n

= (x2 − dy2)(a−n)/2(x+ yu′)n.

This is a rational function of x and y if and only if a − n is an even integer, say 2m.
(We want to treat ψ∞ as a function of x and y, rather than as a function of z, because
GLn(AF,∞) = (ResF/Q GLn)(R) always has the structure of a real algebraic group, and may
not have complex structure if the base field F , say, is totally real.) It follows that ψ∞, viewed
as a function on C×, takes the following form:

z = x+ yu′ 7→ (x+ yu′)m+n(x− yu′)m = zm+nzm.

So if ψ∞ is an algebraic character of (F ⊗Q R)×, it follows that there exist integers m and n
such that after identifying (F ⊗Q R)× with C×, the character ψ∞ looks like:

z 7→ zmzn.

Let’s do our own calculation now: what is the infinitesimal character of ψ∞? First, we need
to take the derivative dψ∞ to obtain an action of the real Lie algebra

Lie((F ⊗Q R)×) = F ⊗Q R = R(1⊗ 1)⊕ R(u⊗ 1)
∼−→ R⊕ Ru′ = C.

Let’s compute dψ∞ on the basis {1, u′}. Fo any γ ∈ C:

dψ∞(1)(γ) =
d

dt

∣∣∣∣
t=0

et · γ =
d

dt

∣∣∣∣
t=0

et(m+n)γ = (m+ n)γ

dψ∞(u′)(γ) =
d

dt

∣∣∣∣
t=0

etu
′ · γ =

d

dt

∣∣∣∣
t=0

etu
′(m−n)γ = u′(m− n)γ

So the R-linear homomorphism dψ∞ : C → C satisfies

dψ∞(1) = m+ n

dψ∞(u′) = u′(m− n)

Note that at this stage, m and n are still somewhat entangled. Let us recall for a moment
what we are after. If g := Lie((F ⊗QR)×), then we want to compute the infinitesimal central
character of ψ∞, which is a character of Z(U(gC)): the centre of the universal enveloping
algebra of gC. In particular, we need to compute gC := C ⊗R g; this is where the magic
happens, and things will become untangled.

Recall there is a canonical C-linear isomorphism

C⊗R C → C× C
z ⊗ w 7→ (zw, zw)
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where C acts on C⊗R C in the first factor, and on C× C diagonally. This is a special case
of the following more general phenomenon; for details, please read [Gai].

Proposition 2. Let L/K be a finite Galois extension, with Galois group G, and let A be an
L-algebra. For each σ ∈ G, let ∗σ denote the twisted scalar action of L on A by z∗σa = σ(z)a.
Let Aσ denote the resulting L-algebra. Then there is an L-algebra isomorphism

L⊗K A→
∏
σ∈G

Aσ

z ⊗ a 7→ (z ∗σ a)σ∈G.

In our case, choose A = L = C and K = R, and let c ∈ Gal(C/R) denote the unique
non-trivial element. Then there is a C-algebra isomorphism

C⊗R C → C× Cc

z ⊗ w 7→ (zw, zw).

However, (coincidentally) there is a canonical C-algebra isomorphism

C → Cc

w 7→ w.

The composition of C⊗R C → C× Cc and C× Cc → C× C gives us the desired C-algebra
isomorphism alluded to in the beginning. Identifying C ⊗R g with C ⊗R C, we see that a
natural basis for C⊗R g gets mapped under the isomorphism to the following elements:

1⊗ 1 7→ (1, 1)

1⊗ u′ 7→ (1,−u′)
i⊗ 1 7→ (i, i)

i⊗ u′ 7→ (iu′,−iu′)
The next step is to observe that we can automatically upgrade the R-linear homomorphism
dψ∞ : g → C to a C-linear homomorphism (dψ∞)C : gC → C. Let’s calculate this action on
the C-linear basis (1, 0) and (0, 1) of gC. Indeed (pardon my abuse of notation),

(1, 0) = 1
2
((1⊗ 1)− iu′

d
(i⊗ u′))

(0, 1) = 1
2
((1⊗ 1) + iu′

d
(i⊗ u′)).

The C-linearity of (dψ∞)C then tells us that:

(dψ∞)C(1, 0) =
1
2
((dψ∞)C(1⊗ 1) + u′

d
(dψ∞)C(1⊗ u′)) = 1

2
((m+ n) + u′

d
u′(m− n)) = m

(dψ∞)C(0, 1) =
1
2
((dψ∞)C(1⊗ 1)− u′

d
(dψ∞)C(1⊗ u′)) = 1

2
((m+ n)− u′

d
u′(m− n)) = n.

So the m and n have been unentangled!
Since gC is abelian, the universal enveloping algebra U(gC) of gC is isomorphic to the

polynomial algebra C[X, Y ] where X = (1, 0) and Y = (0, 1). Its centre is equal to itself. So
the infinitesimal central character of ψ∞ is the character

C[X, Y ] → C
X 7→ m

Y 7→ n.
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Finally, let’s see which algebraic character of (ResF/QGL1)C this comes from. Indeed, using
the isomorphism C⊗R C → C× C from before, we have:

(ResF/Q GL1)(C) = (F ⊗Q C)× = ((F ⊗Q R)⊗R C)× = (C⊗R C)× = C× × C×.

All the algebraic characters of C×, considered as the C-points of (Gm)C rather than as the
R-points of (ResF/Q GL1)R, are given by z 7→ zn for some integer n.
With a simple calculation, we easily see that

ϕ : (ResF/QGL1)(C) = C× × C× → C×

(z, w) 7→ zmwn

has the same infinitesimal character as ψ∞; in fact, dϕ ∼= (dψ∞)C. Going back to what we
said in the introduction, we see that ϕ is associated to the tuple

(m,n) ∈ Z× Z = ZHom(F,C) = (Z1
+)

Hom(F,C).
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